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Abstract: The paper describes an algorithm of in-flight roll angle estimation for a spinning vehicle following an unguided tra-
jectory based on MEMS gyroscope triad data. The roll angles are estimated with a phase detector by demodulating the signals of

transverse gyroscopes with subsequent least squares processing.
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1. INTRODUCTION

In fast spinning vehicle technology, the major
problem is to generate the precise roll angle and to
reduce the scale factor error for the longitudinal gyro-
scope (angular rate sensor) [1, 11]. For these vehicles,
the roll error can be unacceptably large, which can
lead to the loss of control. Due to high longitudinal
angular velocity, the longitudinal gyroscope scale fac-
tor greatly contributes to the navigation system error.
To provide the precise navigation solution, the gyro-
scope scale factor should be additionally corrected
during the motion.

Avionics of these vehicles is commonly activated
during the motion. Before running the inertial naviga-
tion system algorithms, its initial alignment, particu-
larly roll alignment, should be performed. For a vehi-
cle following a ballistic trajectory, the initial projec-
tions of the linear velocity, coordinates, and yaw and
pitch angles can be determined if its motion equations
are known. External navigation aids can also be ap-
plied, such as GNSS receivers, whose readiness time
is sever-al seconds in the warm start mode. The roll
angle, however, cannot be estimated in this way. The
paper considers in-flight determination of the initial
phase and estimation of the current roll angle.

There are the following methods to determine
the initial phase and reduce the roll error for this
vehicle type:

* isolating the IMU (inertial measurement unit)
from rotation about the longitudinal axis with the ve-
hicle body [1];

* applying an additional single-axis gyrostabi-
lizer on the longitudinal axis [1, 2];

* employing non-inertial measurements such as
data from magnetometers [3—5], GNSS phase meas-
urements [4, 6], optical sensors [7], pirometric sensors
[8], signal zero-crossing tags [1], etc.;

»  forced precession and estimation of its param-
eters using accelerometers in-stalled on the vehicle in
a special manner [1];

* improving the observability of attitude errors
by shifting the accelerometers from the rotation axis
[9, 10], non-orthogonal installation of the sensitivity
axes [9, 11] or installation at an angle to the rotation
axis [11, 12].

Applying external velocity and position measure-
ments for correcting the analytical vertical does not
always prove effective, because on the ballistic trajec-
tory the specific force of the vehicle center of mass is
determined mostly by the drag force and forms the
measurement along the vehicle longitudinal axis,
while the measurements on transverse axes are close
to zero.

In this article the roll angle for a spinning vehicle
is determined algorithmically, that is, no additional
sensors or design solutions have been used.

The stated problem can be algorithmically solved
using
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» special attitude determination algorithms [12—
15], which, however, cannot be used to perform the
initial alignment, particularly, to determine the roll
angle initial phase;

* dynamics equations of center of mass and aer-
odynamic parameters of the vehicle [16, 17];

* methods of correcting the roll angle with ac-
count for the specific motion of the rotation-stabilized
vehicle [18-24].

An algorithm of strapdown inertial navigation sys-
tem (SINS) operation pro-posed in [18] relies on the
known initial alignment data. However, this function-
ing principle of the navigation system is not always
feasible and is not suitable for the considered prob-
lem.

In [19], the roll angles are estimated using the rates
of change of heading and elevation angles, which are
determined as the projections on the stability refer-
ence frame with account for the ballistic motion or
GNSS data. This approach assumes that the pitch an-
gle is small. As an example, vehicle rotation about the
longitudinal axis at a constant frequency of max 2 Hz
is considered.

In [20], the roll angles are determined using the
Kalman filter, relying on [19], and additionally esti-
mate the longitudinal angular velocity and biases of
the transverse gyroscopes. Similarly to [19], this algo-
rithm assumes small pitch angles, which can intro-
duce large errors in the roll angle estimation.

In [21], the roll angle is found using the phase of
the estimated pitch and yaw angles and the integral of
the vehicle yawing rate. It should be noted, however,
that this algorithm features large errors in conditions
of noisy gyroscope signals, systematic errors, high
rotation rate, and low-frequency signal processing.

In [22-24], the roll estimation algorithm uses the
phase detector based on demodulation of transverse
gyroscope signals. A complementary filter [15] is ap-
plied after demodulation in [22, 23]. These publica-
tions do not consider the scale factor error of the lon-
gitudinal gyroscope and yaw rate correction.

In this paper we focus on current roll angle estima-
tion for a fast spinning vehicle using the MEMS gyro-
scope triad calibrated in the range of the measured
angular velocities and environment temperatures and
collinear with the axes of the body frame. A gyro-
scope with broad dynamic range is installed on the
longitudinal axis for measuring the projections of the
angular velocity vector. The reference trajectory is

ballistic and lies within the atmosphere. The roll angle
estimation algorithm 1is activated at the flight right
after initializing the onboard avionics and runs until
the GNSS receiver data are ready and SINS algorithm
starts.

The algorithm is intended to estimate the current
roll angle and the scale factor error of a longitudinal
gyroscope with its further in-flight recalibration. This
is done using the modulation of the transverse gyro-
scope signals at the rotation frequency on the initial
unguided part of the ballistic trajectory.

The mathematical model of the studied process is
described, and a roll angle estimation algorithm for
undisturbed measurements is proposed. The algorithm
modification using MEMS gyroscope triad is pro-
posed. The algorithm simulation results for six refer-
ence trajectories are provided with account for the
typical errors and measurement noise.

2. DESCRIPTION
OF THE MATHEMATICAL MODEL

Denote the launching frame by OXcYcZ., stability
frame, by OXcY.Z., and body frame, as OXYZ, where
OX:Y. is the firing plane. The frames are defined ac-
cording to GOST 20058-80. The stability frame has
its origin at the vehicle center of mass, axis OXe coin-
cides with the longitudinal body axis OX, axis OY. is
perpendicular to OXe and lies in the vertical plane
passing through OX, and axis OZ. complements the
system to the right-hand frame. The stability frame
has two degrees of freedom of the rotational motion.

The vehicle has a short flight time, so the launch-
ing frame rotation velocity relative to the inertial
frame is considered to be negligibly small.

According to the kinematic equation of the vehicle
rotational motion, the roll angle y is determined as
follows:

v(1)=
:I (o, ~1e(9) (0, -cos(v) ~0, -sin(y)))dr +7,’

where wx, ®y, ©: are the projections of the vehicle
absolute angular velocity on the body frame axes,
measured with the gyroscopes with no instrumental
measurement errors, rad/s; 9 is the pitch angle, rad;
vo 1s the initial roll angle, rad.

(M

To estimate the current roll angle, its initial phase
vo should be found. The estimate of yo is generated
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using the phase detector algorithm with the modula-
tion of the signals of transverse gyroscopes.

Projections of the vehicle absolute angular velocity
on the axes OY. and OZ. of the stability frame are
modulated with the roll angle, which provides the pro-
jections on the axes OY and OZ of the body frame.
They are measured by the transverse gyroscopes in
the absence of instrumental measurement errors:

o, =, -cos(y)+o, sin(y),

o, =-0, -sin(y)+o,-cos(y), 2

where mye, 0z are the projections of the vehicle ab-
solute angular velocity on the stability axes, rad/s.

For the demodulation procedure, we define the an-
gle vq as the integral of the projection of the vehicle
absolute angular velocity on the longitudinal body
axis:

= jmxdt , 3)
0

The intermediate value of the angle vy, is an auxil-
iary value, which is not actually the roll angle. It can
be interpreted as the roll value when assuming a small
change in the yaw angle  ~ 0 and a zero initial phase.

Demodulating the projections @y and ®: is per-
formed according to the formulas:

vl::(Dz.Sin(Ya)__(Dy'COS(Ya)a
=0, -sin(y,)+ o, -cos(y,). 4)

Substituting (2) to (4) and applying the trigonomet-
ric formulas for the product transformation yields

o, -sin(y-v,),
o, -cos(y-v,). (5

If the current roll angle is represented as the prod-
uct of the average angular velocity by time

-cos(y—v,)—
v, =-0, sin(y—vy,)+

V= —(Dye

Y=0, -+,
Ya = (T‘)a : t > (6)
where ®, and ®, are the average angular veloci-

ties over time ¢, rad; then with close ® and ®, the

harmonic signals caused by the angle difference have
a low frequency Ao =0, -0, .

To exclude high-frequency components, the gen-
erated vi and v2 pass a low-pass filter:

Vipr (8) =Wipe () - vi(s),
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Varpr (S) =W (S)'Vz (S) (7

As a result of filtering, the output values contain
low-frequency terms with account for the filter gain
kpr:

v -cos(y—v,)—kpr -0, -sin(y—vy,),
e sin(y =y, ) +kyp -0, -cos(y-7v,).

®)

\LPF — _kLPF "0,

Vorpr = _kLPF ‘O

Transforming (8) provides

-cos(y-7v,) -sin(y -7y,
1/co}c-k(o ./0) +(02 ( )

Derive the angle 3, for which

. Y (0]
sinP} = %,COSB = ﬁ,
O, + O, ,/coye+mze

then

kier vﬁo ol —sin(Bry-v,). O
Similarly,

kypr \V/zé”{ rol cos(Bv-v.).  (10)
hence

e - _tg(B+y-v,). (11)
2LPF

Then, with account for (6), the argument of tangent
function can be presented as

Y=Y, tB=Aw-t+y,+B, (12)

hence

A®-t+y,+P+m- n——atan( ”PF] neZ. (13)

Varpr

The arctangent function is determined with two ar-
guments, which allows calculating the quadrant of the
result in the range [0; 2nt] and eliminate the uncertain-
ty of the term 7t x n, n € Z from (13). This term will
then be omitted.

Present Aw in the form

(14)

hence
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Y, (C_OX —1]+y0 +B= —atan(v”l] . (15
®, Varpr

The theoretical algorithm of the phase detector, de-
scribed by (4)-(15), is implemented using the gyro
measurements containing the errors.

The angle va 1s estimated by numerical integration
of (3) with account for the longitudinal gyroscope da-
ta .1 under zero initial conditions:

9, (0)= j'mxndt. (16)
0

When processing the transverse gyroscope signals,
the data pass a bandpass filter with a second-order
characteristic equation to isolate the signal compo-
nents at the spinning frequency. The filter central fre-
quency is adjusted depending on the rotation frequen-
cy. The bandpass filter transfer function can be writ-
ten as

Do ¢

9
©

sT+—0.

W apr (s) = , 17

s+

where o is the filter central frequency; O = wo / (2
-1t - Af) is the filter Q-factor for the given filter band-
width Af. This value is conditioned by the frequency

characteristics of the gyroscopes used in the algo-
rithm.

To obtain a discrete filter with the specified cutoff
frequencies, the cutoff frequencies of the analog mod-
el should be corrected to compensate for the distortion
of the frequency axis:

2 1
®, =?-tg a)xn-? .

s

(18)

Bilinear transformation provides the equation for
the digital filter

ﬁ+ﬁz"l+b—zz_2
a a a
WBPF(Z)= ‘ ao ao (19)
1+ Lzt 422,72
aO aO
with the coefficients a,=4-0+2-T,-0,+
+Q-T oy, a,=-80+2:0-T" o,

a,=4-0-2-T.-0,+0-T" o, ,bo=2"Ts* wo, b1 =0,
by =-2 - T - wo, where T; is the input data sampling
period. The filter is adjusted depending on the current
wx11 at the gyroscope readout frequency.

The phase detector is realized using the estimated
angle ¥, (#)and the signals of the transverse gyro-

scopes Wy and wzin, passed through the digital fil-
ter (19). To do this, the demodulator estimates the
auxiliary values w1 and w2 according to (4):

V=0, -sin(y,) — Oy -cos(Y,) ,

v, = Oy sin(y,) + @, - cos(¥,) - (20)

The generated estimates V; and V. are passed
through the digital low-pass filter to exclude the
high-frequency components according to (7). The
filter is selected based on the cutoff frequency,
which is a compromise between the required filter
speed and resistance to typical fluctuations, and the
typical scale factor error of the longitudinal gyro-
scope. The known phase shift of the filter should be
taken into account in the term Aylpf, added to the
result obtained using the algorithm for detecting the
initial phase of the roll angle.

The least squares method (LSM) is implemented
for the linear regression using the estimated angle 7, ,

estimates V., V,;, With account for (15)

iy ‘,;lLPF

Vo Kisu sy = —atan[ - ) (21)
v2LPF

where kism, brsm are the linear regression coeffi-

cients:

(T)Y

ks = (C_O_ - 1] Disu =V +B. (22)
The coefficient kLsm estimates the scale factor er-

ror of the longitudinal gyroscope, which is further

corrected during the flight according to the equation

(be = (DxH + kMHK ‘(DXH . (23)

With account for the equality (12), the current roll
angle ¥ is estimated using

T=9, (ke +1) + Dy —B+Ay,, . (24)
The correction Ayjyris determined as a phase delay

of the applied low-pass filter at frequency A®. The
correction f3 is found as follows:

(D .
atan(—yg j)ifﬂ)ze >0 atan(wcc.)ssj, if >0,
o, 9
b= o - ycosd
n+atan(i}ifm <0 n+atan(w - j, if $<0.
u)ze ze 8
(25)

By analogy with (15), the arctangent is found us-
ing two arguments in the range [0; 2x], which allows
avoiding the "if" condition.
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Numerical values of , 9, and 9 can be calculated
with the initial alignment algorithm using a reference
trajectory or a simplified vehicle motion model within
a short time interval of about a few seconds, where
the roll angle estimation algorithm performs properly.

3. SIMULATION RESULTS

The roll angle estimation algorithm was tested on
reference data obtained by simulating the motion of a
rotation-stabilized vehicle for six different trajectories
in a deterministic formulation (Figs. 1-2).

If no initial alignment data are available, we take
B=0(at 9>0)or p=m(at 9<0), depending on the
vehicle motion type.
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Fig. 1. Reference longitudinal angular velocity for trajectory 1.
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Fig. 2. Reference pitch and roll angles for trajectory 1.

sented in Table. 1, where N(m; ¢?) is a normally dis-
tributed random variable with the mathematical ex-
pectation m and root-mean-square deviation G.

The reference angular velocities for each trajectory
are the input data for simulating the gyroscope signals
being the sum of the useful signal, systematic and
random errors. The accepted sensor errors are pre-
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Table 1. Numerical values of gyroscope errors.

Parameter, dimensions Value
Bias at the start, deg/s N(0; 0,1%)
Scale factor error, % N(0; 0.033?)
Bias instability, deg/s 2.5:1073
Angular random walk, (deg/s)s 2-1073
Quantization error, deg 0.75-1073
Velocity random walk, (deg/s)-Vs 210
Linear drift of the output signal, (deg/s?)-deg/s N(0; (0.2:1073)?)
Misalignment angles between the gyroscope and body frames, deg N(0; (0.033)%)

The obtained gyroscope signal passes the transfer
function to generate the sensor dynamic errors and the
required frequency characteristics. The gyroscope
transfer function is formed as a sequence of the fol-
lowing links:

e oscillatory link considering the gyroscope dy-
namics;

e compensation of the oscillatory link, that is,
nonideal reduction with account for the devia-
tion of the natural frequency and Q-factor;

e second-order low-pass filter with a natural fre-
quency 225 Hz and a Q-factor O = 1;
o filter averaging the frequency to the update

e ideal delay for one output update period.

The simulation starts at #1 = 2.5 s (with account for
the readiness time of the onboard electronic equip-
ment) and continues till #t> = 8 s, when the vehicle
motion control begins. The reference data are sampled
and processed at fz = 500 Hz. The roll angle error Ay,
obtained by comparing with the reference angles in
the deterministic formulation, is shown in Fig. 3. The
plots present the roll angle error vs. time since 4.5 s to
exclude the filters’ and LSM convergence periods.

Figure 4 presents the scale factor error estimate
compared to the preset systematic scale factor error of

rate; the longitudinal gyroscope.
o 150 T T T T | = Trajectoryl
- —— Trajectory 2
g 100 \ Trajectory 3
% — Trajectory 4
@ 50F Trajectory 5
£ Trajectorv 6
=m 0f _--.-:‘;'.-' e — * E— -I
=} = T
4 "
50—~ / ]
_— /
_100 [ I I i I I" i
4.5 5 5.5 6 6.5 7/ 7.5 B
Time, s /
/
0.8 T T T T T T T v T T
Bl
] — —_— B
g -
o 06— - — -
=] — - —
E - ——
E 04 N T
Bl
E -
= 02F |
=]
[+
0 - -
-U 2 1 1 1 L 1 1 1 1 L
7 7.1 7.2 7.3 7.4 7.5 7.6 T.7 7.8 7.9 B
Time, s

Fig. 3. Roll angle errors
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Fig. 4. Estimate of scale factor error for the longitudinal gyroscope.

Statistical characteristics of the roll angle error Ay
have been calculated with account for the gyroscope
errors in the stochastic formulation. Five hundred
simulation runs of the algorithm were made and the
obtained set of numerical values of the roll errors at
time 7 was statistically processed. As statistical indi-
cators, we used the mathematical expectation (ME),
RMS deviation, and 2.5 percentile and 97.5 percen-
tile, which specify the boundaries of the interval (IB)
containing 95% of observations and determine the
normal peak-to-peak range.

Table 2.

Statistical characteristics of roll angle error without correcting the
gyroscope scale factor

Trajectory

No. ME, deg RMS, deg IB, deg

1 0.96 0.94 -1.15 3.18
2 0.57 1.02 -1.71 2.67
3 0.46 0.80 -1.38 2.27
4 0.82 0.99 -1.33 3.11
5 0.90 1.03 -1.34 3.18
6 0.99 1.07 -1.58 3.33

According to the simulation results for the availa-
ble reference trajectories, the error in roll angle esti-
mation in deterministic formulation and steady-state
filter operation did not exceed 0.7°.

4. CONCLUSIONS

The proposed algorithm is used to estimate the roll
angle of a spinning vehicle following a ballistic trajec-
tory based on gyroscope data. From the simulation
results for the available reference trajectories, the
root-mean square deviation for the roll angle error did
not exceed 1.07°. This is a good result for an autono-
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mous attitude control system onboard a spinning ve-
hicle based on medium-accuracy inertial sensors.
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